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For a fixed sample size, a common phenomenon is that the error of a designed classifier decreases and
then increases as the number of features grows. This peaking phenomenon has been recognized for forty
years and depends on the classification rule and feature-label distribution. Historically, the peaking phe-
nomenon has been treated by assuming a fixed ordering of the features, usually beginning with the stron-
gest individual feature and proceeding with features of decreasing individual classification capability.
This does not take into account feature-selection, which is commonplace in high-dimensional and small
sample settings. This paper revisits the peaking phenomenon in the presence of feature-selection. Using
massive simulation in a high-performance computing environment, the paper considers various combi-
nations of feature-label models, feature-selection algorithms, and classifier models to produce a large
library of error versus feature size curves. Owing to the prevalence of feature-selection in genomic clas-
sification, we also consider gene-expression-based classification of breast-cancer patient prognosis.
Results vary widely and are strongly dependent on the combination. The error curves tend to fall into
three categories: peaking, settling into a plateau, or falling very slowly over a long range of feature set
sizes. It can be concluded that one should be wary of applying peaking results found in the absence of
feature-selection to settings in which feature-selection is employed.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

High-throughput technologies such as gene and protein expres-
sion microarrays offer the ability to simultaneously measure vast
numbers of biological variables. This has given rise, both in genom-
ics and proteomics, to the hope that these measurements can be
used as classifier features for medical diagnosis. The difficulty is
that the classical relationship between the number of features
and the number of data points in the sample is typically reversed.
Rather than there being a large number of data points and a small
number of potential features, sample sizes tend to be small and
there are thousands of potential features. This situation manifests
itself in the peaking phenomenon: employing too large a number
of features yields poorer classification accuracy than using a small
number of features. The peaking phenomenon was first rigorously
demonstrated for discrete classification (Hughes, 1968), but it has
wide-ranging effects, depending on the classification rule and fea-
ture-label distribution (Hua et al., 2005a,b; Jain and Waller, 1978;
Navot et al., 2006; Raudys, 1979; Raudys and Jain, 1991; Trunk, 1979).
The potential downside of using too many features is most critical for
small samples, which are commonplace in high-throughput genomic
ll rights reserved.

: +1 602 343 8740.
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and proteomic applications. The peaking phenomenon leads to the
need for feature-selection based on the sample data. This paper
examines the behavior of the peaking phenomenon in relation to
feature-selection.

A key issue concerning feature-selection is error monotonicity,
or the lack of it. Given a feature set and full knowledge of the fea-
ture-label distribution, the Bayes error, which is the error of an
optimal classifier for a feature set, is monotone: if A and B are fea-
ture sets for which A � B, then eB 6 eA, where eA and eB are the
Bayes errors corresponding to A and B, respectively. However, if
eA;n and eB;n are the corresponding errors resulting from designed
classifiers on a sample of size n, then it cannot be asserted that
eA;n P eB;n. It may even be that E½eB;n� > E½eA;n�, the expected error
for the larger feature set is larger than that for the smaller features
set. This is what leads to the peaking phenomenon, which in its
simplest manifestation takes the form of decreasing expected error
following by increasing expected error for increasingly large fea-
ture sets. Given a sequence, x1; x2; . . . ; xd; . . ., of features, at first
there is decrease in expected error as d increases and then, after
some point, an increase in error for increasing d.

To illustrate the classical idea of peaking, we consider an exam-
ple in which the class-conditional distributions are Gaussian with
identical covariance matrix K, the classes are equally likely, and
the Bayes classifier results from linear discriminant analysis
(LDA) (Hua et al., 2005b). There are 30 available features (and

mailto:csima@tgen.org
http://compbio.tgen.org/paper_supp/fs_peaking
http://www.sciencedirect.com/science/journal/01678655
http://www.elsevier.com/locate/patrec


1668 C. Sima, E.R. Dougherty / Pattern Recognition Letters 29 (2008) 1667–1674
hence the peaking phenomenon will only show up in the graphs
for which peaking occurs with less than 30 features). We assume
the basic blocked covariance structure

K ¼ r2
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Features within the same block are correlated with correlation coef-
ficient q and features within different blocks are uncorrelated.
There are G groups, with G being a divisor of 30, and r ¼ 30=G is
the number of features in each group. We denote a particular fea-
ture with the label xij, where i, 1 6 i 6 G, denotes the group to
which the feature belongs and j, 1 6 j 6 r, denotes its position
in the group. We list the features in the order x11; x21; . . . ;

xG1; x12; . . . ; xGr . Fig. 1 shows the effect of correlation on peaking.
Note that the sample size must exceed the number of features to
avoid degeneracy. The variance r2 is set to give a Bayes error of
0.05. In part (a) of the figure, there are G ¼ 5 groups and
q ¼ 0:125. Peaking occurs with very few features for sample sizes
30 and below, but then exceeds 30 features for sample sizes above
90. Matters are different in part (b), where there is a single group
and the features are highly correlated, q ¼ 0:5. Here, even with a
sample size of 200, the optimal number of features is only 8. The
behavior in Fig. 1 corresponds to the usual understanding of the
peaking phenomenon; however, the situation can be far more com-
plicated (Hua et al., 2005b).

The main issue for the present paper is that, heretofore, as in the
example of Fig. 1, the peaking phenomenon has been studied with-
out feature-selection: a model is assumed in which the order of the
features is given and the issue is to find the number of features that
yields the lowest classification error. For this approach to achieve
the best results, we would have to know the optimal feature set
for each dimension (number of features). In applications, this is
not known. In practice, we are confronted by a fundamental limit-
ing principle: to select a subset of k features from a set of d features
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Fig. 1. Optimal number of features for LDA in linear model: (a) s
and be assured that it provides an optimal classifier with minimum
error among all optimal classifiers for subsets of size k, all k-ele-
ment subsets must be checked unless there is distributional
knowledge that mitigates the search requirement. This principle
is formalized in the following theorem (Cover and Van Campenh-
out, 1977), in which e½A� denotes the Bayes error corresponding
to feature set A: if fU1;U2; . . . ;Urg is the family of all possible fea-
ture sets formed from the set fX1;X2; . . . ;Xkg of random variables
under the assumption that, i < j if Ui � Uj, then there exists a dis-
tribution of the random variables X1;X2; . . . ;Xk;Y , where Y is bin-
ary, such that e½U1� > e½U2� > � � � > e½Ur �. The requirement that
i < j if Ui � Uj is necessary because the subset condition implies
that e½Ui� P e½Uj�. To avoid an exhaustive search, which is impos-
sible except when there is a very small number of available fea-
tures, many suboptimal algorithms have been proposed for
feature-selection. The purpose of the present paper is to examine
the peaking phenomenon in high-dimensional settings when fea-
ture-selection is required, and to do so in the kind of small sample
setting typical in genomic applications. Small samples tend to hurt
a feature-selection algorithm because they adversely impact the
estimation of parameters used by the algorithm (Sima et al.,
2005, Zhou and Mao, 2006).

When there is feature-selection, the feature-selection algorithm
is part of the classification rule used to design the classifier. Fea-
ture-selection may occur integrally with the classification rule,
the wrapper method, or it may occur prior to the application of a
standard classification rule applied to a subset of features, the filter
method, or it may be a combination of both. In any case, feature-
selection is part of the overall classification rule and, relative to this
rule the number of variables is the number in the data measure-
ments, not the final number used in the designed classifier. Fea-
ture-selection results in a subfamily of the original family of
classifiers, and thereby constitutes a form of constraint. For in-
stance, if there are D features available and LDA is used directly,
then the classifier family consists of all hyperplanes in D-dimen-
sional space, but if a feature-selection algorithm reduces the num-
ber of variables to d < D prior to application of LDA, then the
classifier family consists of all hyperplanes in D-dimensional space
that are confined to d-dimensional subspaces. Feature selection
yields classifier constraint, not a reduction in the dimensionality
of the feature space relative to design. Because we want to mix dif-
ferent feature-selection procedures with different classifier func-
tions, we will refer to the latter as ‘‘classifier rules”, so that the
full classification rule consists of a feature-selection algorithm
and a classifier rule.
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If one uses cross-validation to estimate the error of a designed
classier, then the cross-validation data splitting must be done out-
side the classification rule to maintain its approximate unbiased-
ness, and this means that feature-selection is done separately for
each cross-validation data split. Over the years, a number of papers
have investigated the effects of estimating classifier error directly
on the training data (Murray, 1977, Ambroise and McLachlan,
2002, Singhi and Liu, 2006, Li et al., 2007). The problem is clear:
the features will be selected so as to best discriminate on the train-
ing data, and therefore feature-selection can increase overfitting
the data in classifier design.

Using feature-selection when studying the peaking phenome-
non requires high-performance computing capability, and this
has certainly been a limiting factor heretofore. We utilize a Beo-
wulf cluster to run many simulations and build up the large set
of results posted on the companion website. We will use various
feature-label models, feature-selection algorithms, and classifier
models.

The key conclusion will be that one must be very careful in
making any type of general statements about peaking when fea-
ture-selection is involved, except perhaps that there are no general
statements; nonetheless, we will see that there are three common
trends for the error curve as a function of the number of features.
While we believe that a large study such as this one is beneficial in
its own right because it elucidates the various kinds of peaking
behavior one observes across a wide range models, especially inso-
far as those models correspond to the kinds of feature interactions
one might expect in genomic or proteomic data, the paper also pro-
vides a cautionary warning to those involved in high-dimensional
feature-selection: before applying a feature-selection algorithm in
a particular setting, do a preliminary simulation study to examine
the peaking effects of a proposed feature-selection algorithm in
conjunction with the proposed classifier rule, using a model that
is as close to the data as possible, for instance, by fitting a model
to the data. While this approach cannot provide guarantees, it
can at least provide one with warnings.
2. Method

The simulation problem is to find average errors for classifiers
designed from sample data using different feature sizes d, various
classifier rules R, and feature-selection methods F. To do this, we
utilize the following procedure:

1. Generate a sample set S of size n and a total of D features from a
feature-label model M.

2. Select a size-d feature set A using a feature-selection method F

on S. The ‘‘best” features are derived from the data model M

directly.
3. Design a classifier w from S for the feature set A according to the

classifier rule R.
4. Compute the error ed for w using the underlying distribution of

the model.
5. Repeat steps 2 through 4 for d 2 f1;2; . . . ; dmaxg.
6. Repeat steps 1 through 5 N times and compute �ed, the average of

the ed’s.
7. Repeat steps 1 through 6 for different models M, different fea-

ture-selection methods F, and different classifier rules R.

2.1. Data model

We consider two types of data models. The first type, which is
the basic, or noise-free model, includes the following 10 Gaussian
models, labeled M1 through M10. Each is a two-class Gaussian
model with equally likely classes and class-conditional densities
having covariance matrices R1 and R2. One class mean is located
at the origin~0 and the other at ~l, with the location of ~l depending
on the model.

M1: A simple linear model in which R1 ¼ R2 ¼ I, the identity
matrix, so that all features are uncorrelated. Let ~l ¼
½a1a2 . . . aD� and G be the total number of groups we divide
the D features into. We set up ~l so that ai ¼ d�
ð1� b i�1

D=Gc=GÞ, where d is a prescribed constant and b�c is
the floor function. For i < j, ai P aj.

M2: Similar to M1 but with R1 ¼ I and R2 ¼ cI, where c is a con-
stant and c 6¼ 1. The Bayesian decision boundary is
quadratic.

M3: The correlation between any two features is the same, so we
have R1 ¼ R2 ¼ Rq and Rq has the same structure as in Eq.
(1.2). ~l is set up the same way as in M1.

M4: Similar to M3, but with R1 ¼ Rq and R2 ¼ cRq.
M5: This is a Block Covariance Model where all features are

equally divided into G groups. The features from different
groups are uncorrelated and the features from the same
group possess the same correlation, q, among each other.
The structure of the covariance matrix is
R1 ¼ R2 ¼ RB ¼

Rq 0 � � � 0
0 Rq � � � 0
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ð2:1Þ
~l is different from M1 as it is fixed at ½dd � � � d�.
M6: Similar to M5, but with R1 ¼ RB and R2 ¼ cRB.
M7: This is a Bimodal Mixture Model that consists of two equally

likely distributions, with one of them being a simple Gauss-
ian with mean at ~0 and covariance matrix R1 ¼ I, and the
other being a mixture (with equal probabilities) of two
Gaussians, with means at l½1� and l½2� ¼ �l½1�, and covari-
ance matrix for both components of the mixture being
R2 ¼ R1 ¼ I. l½1� is set up the same way as in M1.

M8: Similar to M7, but with R1 ¼ I and R2 ¼ cI.
M9: Similar to M7, but with different locations for the means of

the mixture Gaussian part. Specifically, for i ¼ 1;2; � � � ;D, we
let l½1�i ¼ ai ¼ d� ð1� b i�1

D=Gc=GÞ for i 6 D
2 and l½1�i ¼ 0 for

i > D
2, and l½2�i ¼ l½1�kðiÞ, where ki ¼ ðði� 1þ D

2Þ mod DÞ þ 1.
M10: Similar to M9, but with R1 ¼ I and R2 ¼ cI.

The second type of model, called the noise model, is obtained by
adding random noise features to the basic model, where these are
randomly permuted with the regular features, as illustrated in
Fig. 2. These models are denoted by M1n through M10n. Letting
D0 be the number of regular features in the basic model and Dn

be the number of noise features, the total number of features is
D ¼ D0 þ Dn. For both class-conditional distributions, the noise fea-
tures are modeled as random Gaussian, Nð~0;r2

nIÞ.
The models are set-up in such a way that the best feature sets

can be predetermined from the distributions, as we next explain.

2.2. Best features

For certain feature-label distributions, we can determine the
best feature set, Abest, directly from the distribution. We refer to
this analytic approach as the ModelBest method. It is important
to recognize that Abest is best in the sense that it gives the lowest
(Bayes) error among all feature sets with the same size. In practice,
where a different classifier (designed from the data) is used instead
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Fig. 2. Illustration of the noise models. Noise features are randomly permutated with the regular features, as shown in the figure on the right.

Table 2
Number of Mahalanobis distances that need to be checked for models M3, M4, M5
and M6

D ¼ 60;G ¼ 6

d d d d d

1 6 2 21 3 56 4 126 5 252
6 462 7 792 8 1287 9 2002 10 3003
11 4362 12 6152 13 8442 14 11292 15 14748
16 18837 17 23562 18 28897 19 34782 20 41118
21 47762 22 54537 23 61242 24 67662 25 73578
26 78777 27 83062 28 86262 29 88242 30 88913
31 88242 32 86262 33 83062 34 78777 35 73578
36 67662 37 61242 38 54537 39 47762 40 41118
41 34782 42 28897 43 23562 44 18837 45 14748
46 11292 47 8442 48 6152 49 4362 50 3003
51 2002 52 1287 53 792 54 462 55 252
56 126 57 56 58 21 59 6 60 1
Total: 1,771,560
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of the Bayes classifier, ebest, the error of the designed classifier using
Abest, is not necessarily the lowest.

For analytically determining the best feature set, we focus on
the basic models, since the additional features for noise models are
just noise and will not constitute part of Abest. The best feature
set among all feature sets with size d can be easily derived for
models in which all feature are uncorrelated. For models M1 and
M2, since ai P aj whenever i < j, Abest is comprised of the first d
features. This is also true for M7 and M8, where the Bayes classifier
is composed of two hyperplanes normal to l½1�. In a similar manner,
we can find Abest for M9 and M10, as summarized in Table 1.

Abest can be also found for models where features are correlated.
For a given feature set A of size d, there are two marginal class-con-
ditional distributions for the two classes, each of these being mar-
ginal relative to the D-feature class-conditional distribution of the
corresponding class. Let l1 and l2 be the means for these marginal
class-conditional distributions, and RA1 and RA2 be the correspond-
ing covariance matrices. For models M3 and M5, RA1 ¼ RA2 ¼ RA;
for M4 and M6, however, RA1 ¼ RA and RA2 ¼ c � RA1 ¼ c � RA.

For model M3, because the priors are equal, the Bayesian
boundary is a hyperplane passing through 1

2 ðl1 þ l2Þ. Moreover,
RA is the same for different A’s (with the same size d). We remove
the subscript and denote RA as R to reflect this fact. The Bayes error
is solely determined by the squared Mahalanobis distance,

D ¼ ðl1 � l2Þ
TR�1ðl1 � l2Þ ð2:2Þ

To see this, let R ¼ BBT. Since R is positive definite, B is invertible.
Letting T ¼ B�1 be the transformation matrix, the transformed
Gaussian has means at Tl1 and Tl2, with covariance matrix
TRTT ¼ I. The squared distance between the two means in the
transformed space is

D0 ¼ ðTl1 � Tl2Þ
TðTl1 � Tl2Þ ð2:3Þ

and a larger Bayes error follows from a smaller D0, as in model M1.
Since D ¼ D0, this proves D determines the Bayes error in the origi-
nal space.

If the magnitudes of the ai’s (components in ~l) are not equal, to
find the best d features, we have to compute D for all subsets of
size d. To circumvent this combinatorial problem, we divide all fea-
tures into G groups so that in each group all ai’s are equal. This sig-
nificantly cuts down the number of D’s that need to be computed
since many of them are the same. Table 2 lists the total number of
Table 1
Best feature set Abest for models M9 and M10

�D ¼ D0
2

d ¼ 1 a1 or a�Dþ1
d ¼ 2 a1; a�Dþ1
d ¼ 3 a1; a2; a�Dþ1 or a1; a�Dþ1; a�Dþ2
d ¼ 4 a1; a2; a�Dþ1; a�Dþ2
..
. ..

.

d ¼ D0 a1; a2; . . . ; aD0
D’s to be checked for each d for the parameters used in our
experiments:

A similar approach can be taken for M5. Now
l1 � l2 ¼ ðdd � � � dÞ remains the same for different feature sets A
of size d, but RA can be different. Due to the structure of the covari-
ance matrix in M5, we have the same number of values of

D ¼ ðdd � � � dÞTR�1
A ðdd � � � dÞ ð2:4Þ

to be checked as in M3. The computation is heavier since we will
have to evaluate R�1

A for each different d-dimensional covariance
matrix.

Lastly, the squared distance

D ¼ ðl1 � l2Þ
TR�1

A ðl1 � l2Þ ð2:5Þ

can also be used to find Abest for M4 and M6. Let RA ¼ BBT and
T ¼ B�1 be the transformation matrix. Then the transformed Gaus-
sians are NðTl1; TRATT ¼ IÞ and NðTl2; cTRATT ¼ cIÞ. Notice that

D0 ¼ ðTl1 � Tl2Þ
TðTl1 � Tl2Þ ¼ ðl1 � l2Þ

TTTTðl1 � l2Þ

¼ ðl1 � l2Þ
TR�1

A ðl1 � l2Þ ¼ D ð2:6Þ

And we know from model M2 that D0 determines the Bayes error.
Hence. we can still use the distance, D ¼ ðl1 � l2Þ

TR�1
A ðl1 � l2Þ,

in the original space to find Abest.

2.3. Feature-selection

We implement two wrapper methods. Starting with an empty
set A, sequential forward selection (SFS) iteratively adds new fea-
tures to A, one at a time, so that the new set A [ ffag is the best
among all A [ ffg, f 62 A. The problem with SFS is that a feature
added to A early may not work well in combination with others
but it cannot be removed from A. Sequential forward floating
search (SFFS) (Pudil et al., 1994) is introduced to mitigate the prob-
lem by ‘‘looking-back” for the features already in set A. A feature fr



Table 3
Summary of simulation experiments

Data models M M1� 10;M1n�M10n
Classification rules R LDA, 3NN, LSVM
Feature-selection methods F ModelBest, SFS, SFFS, MI, CFS, T-

test, Relief
No. of repetitions N 500
No. of sample size n 60
No. of total regular feature D0 60
No. of total noise feature

dimensions
Dn 0, 30, 60, 120, 540, 1140

No. of total feature
dimensions

D ¼ D0 þ Dn 60, 90, 120, 180, 600, 1200

G ¼ 6; d ¼ 1; c ¼ 2:25;q ¼ 0:4;0:7.
dmax ¼ D0 � 1;rn ¼ 0:5.

Table 4
Summary of patient experiments

Classification rules R LDA, 3NN
Feature-selection methods F SFS, SFFS, MI, CFS, T-test,

Relief
No. of repetitions N 200
No. of sample size n 50
No. of total regular feature D0 70
No. of total noise feature

dimensions
Dn 0, 35, 70, 140, 630, 1330

No. of total feature dimensions D ¼ D0 þ Dn 70, 105, 140, 210, 700, 1400

dmax ¼ n� 1.
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is removed from A if A� ffrg is the best (lowest classification error)
among all A� ffg, f 2 A, unless fr , called the ‘‘least significant fea-
ture”, is the most recently added feature. This exclusion continues,
one feature at a time, as long as the resulting feature set resulting
from removal of the least significant feature is better than the fea-
ture set of the same size found earlier in the SFFS procedure.

In addition to the well-known t-test method, we have imple-
mented three other filter methods: Relief, CFS (correlation-based
feature-selection), and MI (mutual information based feature selec-
tion). Relief was first introduced by Kira and Rendell (Kira and Ren-
dell, 1992) and further extended by Kononenko and Robnik-
Sikonia (Kononenko and Robnik-Sikonia, 1996). The basic idea is
that, given a feature-label sample set fðx1; y1Þ; ðx2; y2Þ: . . . ;

ðxn; ynÞg, where yi is the label for point xi, for every feature f, each
point xi is presented and set, Hk, of k-nearest-neighbors (we use
k ¼ 3 in this study) in the same class and set, Mk, of k-nearest-
neighbors in the other class are found. Letting xf

i denote the value
of feature f at point xi, the score for feature f is updated using

sðf Þ ¼ sðf Þ þ
X
j2Mk

gðxf
i ;x

f
j Þ �

X
j2Hk

gðxf
i ; x

f
j Þ ð2:7Þ

where gðxf
i ;x

f
j Þ ¼

jxf
i
�xf

j
j

maxðf Þ�minðf Þ and maxðf Þ and minðf Þ are the maxi-
mum and minimum values on f, respectively. The features selected
are those with the highest scores, sðf Þ.

CFS (Hall, 1999) ranks feature sets by taking into consideration
both the predictive ability of the set and redundancy within the
set. Specifically, for a feature set A with size d features, it computes
the following score:

sðAÞ ¼ d � �rLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dþ dðd� 1Þ � �rA

p ð2:8Þ

where �rL is the average Pearson correlation between features in A
and the sample label, and �rA is the average correlation between fea-
tures within A. We use a best-first-search heuristic to avoid the
combinatorial problem.

MI is very similar to CFS, but instead of computing the Pearson
correlation for feature-to-feature and feature-to-label, the mutual
information is used to better capture the potential non-linear cor-
relations. Continuous variables are ternarized using k-means be-
fore mutual information is computed. A new feature fa is added
to the existing feature set A (with size d) according to the max-rel-
evance-min-redundancy criterion (Peng et al., 2005). To be exact,

fa ¼ arg max
f 62A
½Iðf ; LÞ � 1

d

X
fi2A

Iðfi; f Þ� ð2:9Þ

where L is the sample label.

2.4. Simulation experiment summary

For classification rules, we use linear discrimination analysis
(LDA), 3-nearest-neighbor (3NN) and linear support vector ma-
chine (LSVM). We summarize our simulation experiments together
with the parameters we use in Table 3.

2.5. Patient study

We conduct similar experiments using patient data from a
microarray-based classification study that analyzes microarrays
prepared with RNA from breast tumor samples from 295 patients
(van de Vijver et al., 2002). Using a previously established 70-gene
prognosis profile (van’t Veer et al., 2002), a prognosis signature
based on gene-expression is proposed in (van de Vijver et al.,
2002) that correlates well with patient survival data and other clin-
ical measures. Of the 295 microarrays, 115 belong to the ‘‘good-
prognosis” class and 180 belong to the ‘‘poor-prognosis” class.
The noise-free patient model uses intensity gene-expression val-
ues associated with the D ¼ D0 ¼ 70 genes. For the noise patient
model, Dn genes are selected as noise features from the original
24,496 genes not already in the 70-gene pool, and the total number
of genes is D ¼ D0 þ Dn. For each model, a series of n-point samples
S is generated from the 295-point empirical distribution by ran-
dom selection and the remaining 295� n points are held out for er-
ror estimation. Note that the samples are not fully independent on
account of overlap resulting from choosing the n sample points
from among the same 295 sample points; however, as discussed
in (Braga-Neto and Dougherty, 2004), the samples are only weakly
dependent, as n is chosen to be rather small in our study. Nonethe-
less, owing to the dependency, we limit the total number of sam-
ples N to 200. It should be noted that since we don’t know the
distribution of the patient data, the ‘‘best” feature set is unknown.
Thus we eliminate using ‘‘best features” in the patient study.
Hence, the procedure is modified as follows:

1. Generate a sample set S with size n and total features D from
the 295-point empirical distribution by random selection.

2. Select a size-d feature set A using one of the feature-selection
methods F on S.

3. Design a classifier w from S for the feature set A according to the
classifier rule R.

4. Compute the error ed for w using the held out samples.
5. Repeat steps 2 through 4 for d 2 f1;2; . . . ; dmaxg.
6. Repeat steps 1 through 5 N times and compute �ed, the average of

the ed’s.
7. Repeat steps 1 through 6 for different models (noise-free model

and noise with different noise levels), different feature-selection
methods F, and different classifier rules R.

The patient study is summarized in Table 4.

3. Results and discussion

We plot �ed-vs-d (average true error versus feature size) for all
data models M, classifier rules R, and feature-selection methods
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F. Here we present some typical results and discuss both simula-
tion and patient studies, while leaving the complete results at the
companion website. The vertical bars on x-axis indicate where the
�ed curves peak.

Let us focus on the performances of SFFS and SFS. First, we no-
tice that �ed for ModelBest is not necessarily the lowest and it is often
found that SFFS and SFS outperform ModelBest when d is large. For
example, in model M1 using LDA, both SFFS and SFS produce lower
errors than ModelBest when d > 20, as shown in Fig. 3a. As men-
tioned previously, this is possible because Abest found via ModelBest
is optimal over the underlying distribution and gives the guaran-
teed lowest error only when the Bayes classifier is used. Even when
the classification rule used happens to be in the same class as the
Bayes classifier, owing to small sample size, the designed classifier
can still be substantially different from the Bayes classifier. In
Fig. 3a, the Bayes classifier is linear, the same as LDA. If, however,
the number of noise features increases, then it becomes easier for
SFFS and SFS to overfit the data and reach a plateau very early,
where �ed is high and does not change much, as in Fig. 3b for LDA,
or �ed has a very small-slope, as in Fig. 3c for 3NN. This behavior
is also observed with other data models. In fact, we observe how
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Fig. 3. Performance of SFFS and SFS: (a) LDA classifier, model M1, no noise features, a
number of features are regular features), (c) 3NN classifier, model M5n, D0 ¼ 60 and Dn ¼
D0 ¼ 60, and the percentage of noise features out of the total number of features is 33%
it evolves as the noise level increases. For instance, in Fig. 3, parts
(d) through (i), the performances of SFFS and SFS deteriorate with
the addition of more noise features. This behavior occurs for almost
all other feature-selection methods as well, but the impact of in-
creased noise is less prominent.

The peaking phenomenon in the presence of feature-selection
is extremely varied in its behavior as compared to being given a
sequence of features. We do observe that in the range of ½1; dmax�,
there appear three basic curve types for �ed: the convex type as in
Fig. 3b (peaking), or the small-slope type as in Fig. 3c (slope), or
the flat curve as in Fig. 3i (plateau). It is typical for LDA to have
peaking, whereas 3NN and LSVM often have either slope or plateau
behavior. Using more features than necessary may be detrimental
(as in the peaking type), or does not help at all (as in the plateau
type), or helps only a little (as in the slope type). Even in the last
case, where a larger d might help some, absent knowledge of the
specific distribution, for the potential small gain it may not be
prudent to risk peaking. In addition, one may ask whether the
limited improvement warrants the additional computation
requirement (computation time often increases exponentially
with d).
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nd D0 ¼ 60, (b) LDA classifier, model M1n, D0 ¼ 60 and Dn ¼ 1140 (5% of the total
1140, (d) 3NN classifier, model M3, D0 ¼ 60 and (e)–(i) 3NN classifier, model M3n,

, 50%, 67%, 90%, and 95%, respectively.
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From a practical perspective, especially as pertains to the kind of
high-dimensional, small sample settings common in genomics, two
salient points can be made. First, it is generally observed that, if peak-
ing occurs for some d� 6 dmax, then d� is smaller for ModelBest than
for other feature-selection methods, i.e., ModelBest peaks early.
There are exceptions, but these tend to occur when either different
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Fig. 4. Patient study for (a) LDA classifier, noise feature number Dn ¼ 0, (b) 3NN classi
features.
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Dn ¼ 30; 60; 120; 540, and 1140, respectively.
d�’s are close to each other or when curves are already flattened
out over a wide range of d. This means that, in practice, one can gen-
erally expect the optimal number of features with feature-selection
to be greater than without feature selection. Second, as is clearly the
case in Fig 3, parts (g) through (i), it is often the case that the lowest
error is achieved with the optimal number of features for ModelBest
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but that the lowest error of ModelBest is not robust relative to using
too many features, whereas the lowest errors of the various feature-
selection methods, while higher than the lowest error for ModelBest,
are much more robust relative to using too many features. This has
significant practical import because the detrimental effect of using
too many features is not as great as one might conclude from looking
at classical papers that pre-set the order of the features. Owing to the
varied results across feature-label models, classifier models, and fea-
ture-selection algorithms, clearly one must be prudent in making
this statement; nonetheless, to the extent that the loss of perfor-
mance from using too many features is mitigated in a number of
cases, this might mean that some of the large feature sets reported
in the genomics literature are not so bad as one might first assume.
Perhaps it would be wise for those interested in particular published
results to go back and investigate the peaking phenomenon in those
settings.

Similar results are found for the patient study, four examples of
which are shown in Fig. 4. Again, �ed either remains almost constant
as d gets larger or shoots up significantly, e.g., filter methods for
LDA in Fig. 4a and c. A feature set with size d � 10 seems to suffice
for classification purposes for this data set.

For models including noise features, an obvious issue in feature-
selection performance, and therefore the degree of peaking, is the
percentage of noise features selected. To examine this issue we
have considered LDA classification for models M1n through
M10n, using different proportions of noise features, D0 ¼ 60 and
Dn ¼ 30;60;120;540, and 1140. The graphs of the expected per-
centage of noise features as a function of the number of selected
features are given for all ten models on the companion website.
Here, Fig. 5 shows the graphs for model M10n with parts (a)
through (e) corresponding to Dn ¼ 30;60;120;540, and 1140,
respectively. For filter-type feature-selection algorithms, the ex-
pected percentage of noise features increases monotonically with
the number, d, of features. For very small numbers of features,
SFS and SFFS perform comparatively well with respect to the ex-
pected percentage of noise features; however, they deteriorate rap-
idly with increasing numbers of features. When the number of
noise features is no larger than 120, they eventually begin to im-
prove for larger d relative to the expected percentage of noise fea-
tures. The most important point to glean from Fig. 5 is that, as the
proportion of noise features increases from part (a) through part
(e), the expected percentage of noise features increases across all
numbers of features and feature-selection algorithms. The number
of informative features is simply being overwhelmed by the num-
ber of noise features.

4. Conclusion

We have studied the peaking phenomenon in the presence of fea-
ture selection for various simulation models and a set of breast-can-
cer data. The �ed-vs-d curves for different feature selection methods
are found to be falling into one of three categories: peaking, slope
or plateau. Thus, if feature-selection algorithms are used with classi-
fier design, which is virtually always true in practice in high-dimen-
sional situations, one should avoid using too many features because,
at best, doing so hardly helps and in many cases harms classification
accuracy. This is especially true for those models in which the num-
ber of noise features is relatively high, a situation likely to be encoun-
tered in high-dimensional settings, where the useful features are
mixed with many more noise features. This observation agrees well
with what we find in the breast-cancer patient study. It is important
to recognize that a perusal of the full set of experiments done in this
study shows the highly complex behavior of error curves in the pres-
ence of feature-selection and one should be wary of applying peak-
ing results found in the absence of feature-selection to settings in
which feature-selection is being employed; indeed, as we have
pointed out, in many cases feature-selection mitigates the steepness
of the peaking phenomenon, albeit, at the cost of poorer optimal
performance.
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