Subsequently, it has been demonstrated that the Pbnite-of f,=(f1, ..., fin), determines a constituent network
horizon optimal stochastic control of a PBN is an NP-hard of the context-sensitive PBN. Each functighp{O, ...,
problem[10]. In general, it is well known that the direct d21}" — {0,...,d2 1}, fori=1,..., n, is a predictor
application of optimal control methods is limited by the of genei, if network [ is selected. At each time step, a
size of the state-space D the curse of dimensiondlity. decision is made whether to switch networks. The switching
Hence, the optimal methods such as the ones proposed irprobability, ¢, is a system parameter. If it is decided that the
[3, 9] are only applicable to models with small state-spaces. network is not switched, then the context-sensitive PBN
To address this complexity issue, an approximate stochasticbehaves as a bxed network and synchronously updates the
control method has recently been proposed for controlling a values of all the genes according to the current predictor
PBN in a Pnite-horizoril2]. function. If it is decided that the network should be
Although controlling a regulatory network over a pnite switched, a predictor function is randomly selected accord-
number of stages lowers the likelihood of visits to undesir- ing to a selection distributiofr, ..., r;}. After selecting

able states within the control window, it may not alter the
likelihood of visiting undesirable states in the long run.
To address this issue, the theory of inPnite-horizon

the predictor functiorf;, the values of genes are updated
accordingly, that is, according to the network determined
by f,. We consider context-sensitive PBNs with pertur-

optimal stochastic control has been employed to Pnd bation, in which each gene may change its value with
stationary policies that affect the steady-state distribution small perturbation probability,, at each time unit. Such a
of a PBN[13]. It is also known that the complexity of perturbation model enables us to capture a realistic situation
these kinds of methods increases exponentially with the where the activity of a gene undergoes a random alteration.
size of the modelOs state-spéit#]. Therefore they can  As we will see later, in addition, it guarantees that the
only be applied to small network models. Owing to this Markov chain modelling the gene regulatory network has
limitation, the numerical experiments [A3] are designed  a unique steady-state distribution, a property which signib-
for the seven-gene model presented3h cantly aids the development in this sequel.

For larger biological models involving interactions To date, PBNs have been applied with= 2 ord = 3. If
among many genes, a stochastic control method that hasd = 2 (binary), then the constituent networks are Boolean
polynomial time complexity is needed. To this end, we networks, with 0 or 1 meaning OFF or ON, respectively.
propose an approximate stochastic control method for The cased = 3 (ternary) arises when we consider a gene
context-sensitive PBNs. A reinforcement learning method to be downregulated (0), upregulated (2) or invariant (1).
is used to overcome the curse of dimensionality. The pro- This situation commonly occurs with cDNA microarrays,
posed approximate method can yield a near-optimal station-where a ratio is taken between the expression values on
ary policy, when possessing polynomial time complexity. the test channel (usually red) and the base channel

A second advantage of the proposed method is that it is (usually green). The biological example considered in this
model-free[14]. To date, the proposed optimal stochastic paper hasd =2 so that gene values are either 0 or 1;
control methods for PBNs have been model-dependent: however, there is no theoretical restriction to binary
the probability distributions of the Markov processes repre- values and therefore the methodology in this paper is devel-
senting a PBN are required. The computational complexity oped for a generadl. In particular, the method could be
of estimating these distributions increases exponentially applied to ternary-valued networks. Indeed, the purpose of
with the number of genes in the model. Dattaal. [3] this paper is to approximate optimal control for PBNs in

m

u, = ZZ'"*jcj(t)

use ratios involving the coefbcient of determination as esti- situations where the optimal dynamic programming sol-
problem. Because it is model-free, the proposed reinforce- The gene-activity proble (GAP) is andigit binary vector
ment learning method does not require estimates of the tran-x(¢) = (x1(z), . . ., x,(¢)) giving the expression values of genes
constituent Boolean networks and the distributions that be represented in decimal form by
debne the variation in the model context, the proposed ;

. ; =) d"x(s
stationary policy. “ ; ()

The paper is organised as follows. In Sectjah we for-

as a Markov chain with reward. The reinforcement learn-  In the presence of external control, we suppose that the
ing method, Q-learning, is formulated in Secti¢8]. In PBN hasm binary control inputs:ci(¢), ..., cn(f). A
model for a melanoma case studyp]. Using reinforcement ~ The decimal representation
learning, we determine the approximate stationary policy
gene-activity proble. It is investigated how the approximate =
stationary policy performs in comparison to the optimal

mates for the transition probabilities to overcome this ution is computationally too complex.

sition probabilities of the context-sensitive PBN. Given the at timez, wherex(s) € {0, ..., d2 1}". The GAP x(¢), can
reinforcement learning method determines an approximate

mulate the problem of controlling a context-sensitive PBN wherez, takes values from 0 to"d2 1.

Section 4, we formulate a ten-gene context-sensitive PBN control ¢,(t) can take binary values ifD,1} at each timer.
and the corresponding steady-state distribution of the

stationary policy.

of the control vector d;(¢), . .. ¢,(?)), whereu, € C = {0,
1, ..., 2721}, describes the complete status of all the
control inputs.

There are two basic ways to associate a Markov chain
with a context-sensitive PBN. One is to make the states of
the Markov chain consist of ordered pairs, a GAP and a con-
..., Tz} of vector-valued functions, called predictor func- stituent network; the other is to omit the constituent network
tions. In the framework of gene regulation, eagh for and to make the GAPs the states of the Markov chain. In
i=1,...,n, represents the expression value of a gene. It practice, when dealing with control we observe a single

2 Systems and methods

A context-sensitive PBN consists of a $ét&= {x4, ..., x,},
of n nodes, where; € {0, 1,...,d 2 1}, and a sef 4, f5,

is common to mix terminology by referring tg as theith
gene. Each vector-valued functidp which has the form
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GAP and the network emitting the GAP will not be detected
[9]. In this situation, the system evolution can be modelled
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by a stationary discrete-time equation policy exists for the discounted inPnite-horizon stochastic
optimal control problem, and it is given by the bxed point
Za =S uw) for 1=0,1,... solution of the Bellman equation. Moreover, an optimal
where the state, is an element of the state-spae= {0, policy Qetermined by thg Bellman eqqation is glso a station-
1,..., d" 2 1}. The disturbance, is the manifestation of ~ &7 policy[11]. A dynamic programming algorithm is used
uncertainties in the context-sensitive PBN, due either to t© iteratively bnd the bxed point of the Bellman equation.
network switching or a change in state resulting from a At €ach iteration, the value function must be computed
random gene perturbation. It is assumed that both the for all states in the state-space. Hence, the compu_tatlonal
gene perturbation distribution and the network switching ComMPplexity of the method exponentially increases with the
distribution are independent and identical for all time number of genes.
stepst. The PBN is then modelled as a Markov chain
with d” states, the statg at any time step being a GAP. 3  Algorithm
Originating from a staté, the successor stajds selected ] . -
randomly within the se§ according to the transition prob- 3-1 Reinforcement learning for context-sensitive
ability p;;(u) PBNs

i) WPz q =z, =i, u, = u) If the system and cost structure can be simulated, then it is
possible to use repeated simulation to calculate approximate

for all i and; in S and for allu in C. Gene perturbation  transition probabilities and an expected immediate reward.

with each other. Hence, the Pnite-state Markov chain has aya|ye iteration algorithm can be applied to Pnd an optimal
unique steady-state distributigh]. _ control policy. We assume that the distributions governing
We associate a reward-per-stagg, u, /), to each inter-  the PBN, the switching probability, the perturbation prob-
vention in the system. A reward-per-stage depends on thegpjlity and the probability distribution of selecting constitu-
origin statei, the successor stafeand the control input:. ent networks, are known. The complexity of estimating the
We assume that the reward-per-stage is stationary andyansition probabilities and the complexity of dynamic pro-
bounded for all, j andu. We debne the expected immediate gramming exponentially increase as the number of genes

reward earned in state when control is selected, by increases. If we contemplate approximation to reduce the
#i, u) = Z W r G, u, j) complexity, then reinforcement learning can be used.
= = SP;-,- wIri Given the aforementioned distributions, a reinforcement

J

learning algorithm progressively computes the value func-

For the numerical studies in Section 4, we assume that thetion of a given policy by generating several sample trajec-
reward r(i, u, j) depends on the successor sta@nd the tories of the PBN and their associated costs. Hence, it
control 4, and is independent of the present statdhis eliminates the computational complexity associated with
assumption is motivated from the fact that the reward is the explicit estimation of the transition probabilities.
low if the destination state is an undesirable state, and The Pxed point of BellmanOs optimality equation is an
high if the destination state is desirable. optimal policy of (2), so for each € S the optimal value

To debne the expected total reward, we consider the dis-function is the solution of
counted reward formulation. The discounting factor, Pt
A € (0, 1), ensures the convergence of the expected total wrn s [
reward over the long rurfll]. Including a discounting S0 = Teaé([r(l’ 1)+ A ; Py} (])} 3
factor in the expected total reward signibes that the incurred =
reward at a later time is less signiPcant than the incurred  Numerical algorithms, such as the value iteration, itera-
reward at an earlier time. In the case of cancer therapy, tively apply the transformation derived by the Bellman
the discounting factor emphasises that the reward of obtain-optimality equation to each element of the value function
ing treatment at an early stage is better than at a later stageuntil a bxed point of (3) is founflL1]. Therefore the com-

Among all admissible policied], the inPnite-horizon  plexity of value iteration is exponential in the number of
optimal stochastic control methodology Pnds a policy genes in the PBN. The computational complexity of each
™= {po, p1, - ..}, Whereu,: S — C is the decision rule at jteration of the value iteration is @¢* 2™), with respect
time stepz, that maximises the expected total discounted to the number of genes in the network,and the number
reward. The inPnite expected total discounted reward, of binary control inputsy:. Using the dePnition of expected

given the policym and the initial state, is immediate reward, the Bellman optimality equation can be
N—1 rewritten as follows: for each staie= S,
Jo(i) = A}'LnooE{ D N, p), j)} 1) -1
=0 TH(i) = max[z )G, 1, J) + AT j)):|
u€ C =0

The vector of accumulated rewards, = (J,(0), ...,
J(d" 2 1)), is called the value function. We seek a policy
that maximises the value function for each stateThe
optimal value functionJ* is a solution to the inbnite-
horizon optimal stochastic control with discounted reward d'—1

JU0) = maxJ.(i)  ViES ) o0, ) W ,; py)(r(i, u, ) + X J7()) (4)

Accordingly, we can debne th@-factor for each state-
control pair ¢, u) by

A stationary policy is an admissible policy of the form The relation between the optimal value function of a state
7= {w u, ...}. The vectord,, is its corresponding value i and theQ-factors of the same state is given by
function. The stationary policy = is optimal if .. _
J(i) = J*(i) for any statei. It is known that an optimal JH() = TEaCXQ(l, u)
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Fig. 2 Q-learning algorithm

considerably reduced. The high memory complexity of the performance of th-learning control algorithm to that of
value iteration algorithm, as well as other dynamic pro- optimal control. Here, we only consider a ten-gene
gramming algorithms, contributes to their limited direct network with 1024 states, because our objective is to inves-
applicability to intervention problems. tigate how the approximate stationary policy performs in
If all the state-control pairsj,(«), are visited inPnitely often ~ comparison to the optimal stationary policy, where comput-
then for each state-control pair the estimated expected value,ing the optimal stationary policy for networks beyond ten
W, (i, u), converges to its ensemble avera¢W (i, u)], with genes was not possible with our current computational capa-
probability 1. Hence, we expect that an approximate station- bility. We will close with concluding remarks.
ary policy computed by the Q-learning algorithm converges
to the optimal stationary policy. The convergence of the 4.7 Control of a melanoma-related network via the
approximate stationary policy to the optimal stationary Q-learning algorithm
policy is proved in[16], and our numerical results in
Section 4 reveal this fact for a special case. In other words, A study of gene-expression data from melanoma patients
the learning duration of the Q-learning algorithm should has revealed that the abundance of mRNA for WE754
increase as the number of genes in the network increases irgene is a highly discriminating factor for cells associated
order to obtain an approximate stationary policy close to the with high metastatic competence against those with low
optimal stationary policy. Therefore the Q-learning algorithm, metastatic competencgl8]. A subsequent study shows
as any other learning algorithm, may not be suitable for very that increasing the level of the Wnt5a protein product of
large networks. The maximum size of the intervention the WNT54 gene via genetic engineering methods alters
problem which can be solved by our approximate method is the metastasising state of melanoma cfl8]. This study
hardware-dependent. For instance, our current hardware conalso reveals that inactivating the Wnt5a protein by blocking
Pguration (single Xeon processor and 1-GB memory) canits receptor with the appropriate antigen substantially
obtain near-optimal intervention policy within @earning reduces the metastatic phenotype of melanoma cells.
periods for a synthetic 15-gene regulatory network. Given Therefore a control strategy which reduces the level of the
more memory and processing pawan accurate intervention  Wnt5a protein is desirable.
strategy can be determined for signibcantly larger networks  After quantifying the multivariate relationships of 587
within reasonable time. Hence, the computation time is not genes among a sample of melanoma patients, a previous
an issue for us. In the application of interest, the goal is not study constructed a ten-gene regulatory network involving
to model Pne-grained molecular interactions among a host wNT54 [15]. Using context-sensitive PBNs consisting of
of genes, but rather to model a limited number of genes, typi- seven of these genes, subsequent studies developed Pnite-
cally with very coarse quantisation, whose regulatory activi- horizon[9] and inPnite-horizoifil 3] intervention strategies.
ties are signibcantly related to a particular aspect of a speciPcThe reduction to seven genes was dictated by computational
disease, such as metastasis in melanpnd.7]. The pro- requirements. In particular, the transition probabilities of
posed Q-learning algorithm is easily up to the task of hand- the Markov chain associated with a context-sensitive PBN
ling the limited size networks with which we are dealing.  are required in the optimal stochastic control methods pre-
sented in these former studies. Owing to exponentially
4 Implementation increasing complexity of dynamic programming with the
number of genes, approximation of a ten-gene PBN with a
In this section, we apply Q-learning to control a network seven-gene PBN is a way to make dynamic programming
relating to metastasis in melanoma and compare the feasible. Moreover, the complexity of estimating transition
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Fig. 3 Steady-state distribution of gene-activity profile of the
ten-gene PBN prior to intervention

probabilities restricts the number of constituent networks in
the PBN.

We consider a ten-gene network consistinglaV754,
Pirin, S100P, RETI, MMP3, PHOC, MARTI, HADHB,
Synuclein and STC2. The above order of genes is used in
the binary representation of the gene-activity proble, with
WNT5A as the most signibcant bit as@C2 as the least sig-
nibcant bit. This order of genes in the gene-activity proble

Steady-state Probability

1000

400 600 800 1200

Gene-activity profile

0 200

Fig.5 Steady-state distribution of gene-activity profile after
applying the approximate control policy computed by the
O-learning algorithm with kg, = 10°

gene Pirin is reversed; ifu = 0, then the state oPirin
remains unchangedirin has been chosen as the control
gene owing to its effectiveness in previous studies for down-
regulating the expression &FNT5A4 [13].

A reward-per-stager(i, u, j), is used to compare the
Q-learning approximate control policy with the optimal
control policy. It is assumed that the reward-per-stage is
independent of the current statdt is higher, if in the suc-

facilitates the presentation of our results and does not affectcessor statg WNT54 is downregulated. It is also assumed

the computed stationary policy. A modibcation of the algor-
ithm described if20] is used to infer ten Boolean networks
that constitute the context-sensitive PBN. To arrive at a

that whenever the control is applied, giv#ivT54 in the
successor state remains the same, the reward-per-stage is
lower in comparison to when the control is not applied.

PBN resembling a cancerous situation, we have selectedThe rewards are assigned in such a way that applying the

Boolean networks whose states with upregulabigd754

control to prevent the undesirable states is preferable in

possess larger aggregated probability. Thus, control of thecomparison to not applying control and transiting to an

PBN resembles a therapeutical situation in which the goal undesirable

of the control is to reduce the likelihood of reaching unde-

sirable states. In order to debPne the context-sensitive PBN,

the switching probability, the perturbation probability and
probability of selecting each constituent Boolean network
are assumed to be known.

Having the downregulation ofVNT5A4 as the objective,
we apply the Q-learning described in F@jto the inferred

state. We postulate the following
reward-per-stage function
6 if u=0andWNT54 =0 for statej

s j) = 1 if u=0andWNT54 = 1 for statej
'J)=15 if u=1andWNT54 = 0 for statej
0 if u=1andWNT54 = 1 for statej

context-sensitive PBN. Here we consider only a single The values have been chosen to be in line with earlier

control u. If the control is high,u = 1, then the state of

Steady-state Probability
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Fig. 4 Steady-state distribution of gene-activity profile after
intervention with optimal control policy
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studies[13]. In practice, the reward values will have to

Steady-state Probability

o MMMLLMMM
0 200 400 600 800 1000 1200
Gene-activity profile

Fig. 6 Steady-state distribution of gene-activity profile after
applying the approximate control policy computed by the
O-learning algorithm with kg, = 10°
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Table 1:
intervention

Steady-state probability of the most probable gene-activity profile prior and after

Gene expression No-cont. Opt-cont. Krnax

10° 10* 10° 10’
Max prob. gene exp. 676 399 676 399 399 399
Gene exp. 676 prob. 0.07 0.007 0.05 0.02 0.01 0.009
Gene exp. 399 prob. 0.01 0.07 0.02 0.04 0.07 0.07

mathematically capture the benebts and costs of interven-

total probability of the undesirable gene-activity proble in the

tion and the relative preference of states, and may have tosteady state. For the optimal control policy, determined by the

be set by physicians in accordance with their clinical judge-
ment. Although this is not feasible within the domain of
current medical practice, we do believe that such an

approach will become increasingly mainstream once engin-

value iteration, we havAP = 23.1%.

In order to compare the Q-learning algorithm with the
value iteration, we execute Q-learning for different learning
durations,kmax. The approximate control policy is used to

eering approaches are demonstrated to yield signibcantbnd the steady-state distribution of the gene-activity

benebts in translational medicine.

Assuming the preceding reward-per-stage function, we
compute the optimal control policy for the ten-gene PBN.
With ten constituent Boolean networks, estimation of the
transition probabilities takes more than 3 days with our

current hardware conbguration (single Xeon processor andwhen

1-GB memory). In this hardware conbguration, going
beyond the binary-valued PBN with 1024 states to a
ternary-valued PBN with 59049 states enormously
increases the estimation time of the transition probabilities.
Fig. 3 depicts the steady-state distribution of the
gene-activity proble when there is no intervention. On
the basis of Fig.1, the aggregated probability of the
gene-activity proble with upregulateNT54 is higher
than the gene-activity proble with downregulaté@754.
Also, the most probable undesirable gene-activity proble,
676, has the highest probability.

After controlling the PBN based on the optimal control
policy, the steady-state digiution of the gene-activity
proble is modibped. According to Fidg, the probability of
desirable states with downregulatdfiNT54 is increased
and the probability of the most probable undesirable
gene-activity proble, 676, is reduced to 0.007. After interven-
tion with the optimal control policy, the most probable
gene-activity proble is 399, which has downregulated
WNT5A. We debneAP to be the percentage of change in
the aggregated probability of the gene-activity proble with
WNT5A = 1 before and after the intervention. As a perform-
ance measuré\P indicates the percentage of reduction in the

24

221

20r

%AP

Q-learing
— Value iteration

45 5 55 6 6.5 7

Iog(kmax)

3 35 4

Fig. 7 AP of approximate control policy against the optimal
control policy as a function of logarithm of learning duration
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proble.Figs. 5and 6 show the steady-state distributions
of the gene-activity probPle whenkma= 10° and
kmax= 10°, respectively. The computed policy after only
a short learning duratiorky.x = 10°, does not reduce the
likelihood of an undesirable gene-activity proble, but
the algorithmOs learning duration increases,
kmax= 10°, the aggregated probability of undesirable
gene-activity vectors is reduced. Comparifgs. 6and4,

we observe that the probability distributions of the
gene-activity proble are similar.

Table 1compares the steady-state probabilities of the two
gene-activity probles with the highest probability before
and after intervention. The steady-state probability of the
gene-activity proble, 676, with the highest probability
prior to any intervention reduces by almost the same
amount when either the optimal control policy or the
approximate control policy computed after a sufbcient
learning duration is used. Moreover, after intervention
with either the optimal control policy or the approximate
control policy, the desirable gene-activity proble 399 has
the highest steady-state probability.

As the duration of learning in the Q-learning algorithm
increases, its performance gets closer to that of the
optimal control algorithm. Fig7 shows the value oAP
for the optimal control policy, as well as this value for
approximate control policies derived by the Q-learning
algorithm with various learning durations. The performance
of approximate stochastic control converges to optimal
stochastic control. We expect to observe this behaviour

10

gt

8t

Time, h
(9]

k

max

Fig. 8 Execution time of the Q-learning algorithm against learn-
ing duration
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because as the learning duration increases, the estimate 06
the Q-factor vector becomes more accurate. Moreover, we
observe that the time-complexity of Q-learning increases 1
linearly with the number of iterations. Fi® depicts the

time it takes to run Q-learning with our current hardware -
conbguration. The execution time of Q-learning is still tol-
erable when the learning duration is increased to achieve an
acceptable performance for the algorithm. Hence, the mela- 3
noma case study reveals that Q-learning not only provides
near-optimal performance, but also considerably reduces 4
the time complexity and the memory complexity of
optimal control algorithms. Through selecting an appropri-
ate learning duration, we can have a trade off between the 5
desirable accuracy of the approximate control policy and
the execution time of the Q-learning. 6

4.2 Concluding remarks

We have formulated the Q-learning algorithm to bnd an
approximate stochastic control policy for a context-
sensitive PBN. Q-learning not only lowers computational
complexity in comparison to the optimal stochastic
control, but also performs virtually the same as the 10
optimal stochastic control when the learning duration is
long enough. As shown in the melanoma case, applying 14
the suboptimal policy has the same effect in reducing the
likelihood of visiting undesirable states, the ones with 12
high chance of metastasis in the long run. The time com-
plexity of the approximate control method is polynomial,
whereas the time complexity of the optimal control algor-
ithm is exponential in the number of genes. We can have

a trade off between the desirable accuracy of the approxi- 14
mate control policy and its execution time. In addition,
Q-learning is a model-free algorithm. Hence, for estimation
of transition probabilities for the Markov chain modelling,
the dynamics of a context-sensitive PBN is not required. 16
Consequently, the proposed method also eliminates the
time complexity of estimation processes prior to control.

15
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