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ABSTRACT

Probabilistic Boolean Networks, which form a subclass of
Markovian Genetic Regulatory Networks, have been recently
introduced as a rule-based paradigm for modeling gene reg-
ulatory networks. In an earlier paper, we introduced external
control into Markovian Genetic Regulatory networks. More pre-
cisely, given a Markovian genetic regulatory network whose
state transition probabilities depend on an external (con-
trol) variable, a Dynamic Programming-based procedure was
developed by which one could choose the sequence of control
actions that minimized a given performance index over a finite
number of steps. The control algorithm of that paper, however,
could be implemented only when one had perfect knowledge
of the states of the Markov Chain. This paper presents a control
strategy that can be implemented in the imperfect information
case, and makes use of the available measurements which
are assumed to be probabilistically related to the states of the
underlying Markov Chain.

Contact: edward@ee.tamu.edu

1 INTRODUCTION

Probabilistic Boolean Networks (PBNS) have been recently
proposed asaparadigm for studying generegul atory networks
(Shmulevich et al., 2002c). These networks which alow the
incorporation of uncertainty into the inter-gene relationships,
are essentially probabilistic generalizations of the standard
Boolean networks introduced by Kaufmann (1993). Given a
PBN, the transition from one state to the next takes place in
accordance with certain transition probabilities. Indeed, as
shown in Shmulevich et al. (2002c), the states of a PBN form
a homogeneous Markov chain with finite state space. Thus
the PBNs form a subclass of the general class of Markovian
Genetic Regulatory Networks.

One of the objectives of PBN modeling is to use the PBN
to design and evaluate different approaches for affecting the

*To whom correspondence should be addressed.

evolution of the gene activity profile (GAP) of the network.
To date such intervention studies have been attempted using
threedifferent approaches: (i) resetting the state of the PBN, as
necessary, to amore desirable initial state and letting the net-
work evolve from there (Shmulevich et al., 2002b); (ii) chan-
ging the steady-state (long-run) behavior of the network by
minimally atering itsrule-based structure (Shmulevich et al .,
2002a); and (iii) manipulating external (control) variablesthat
alter thetransition probabilities of the network and can, there-
fore, be used to desirably affect its dynamic evolution (Datta
et al., 2003a).

In this paper, we continue with the line of research initiated
in Datta et al. (2003a). The control problem in Datta et al.
(2003a) was posed in terms of minimizing a certain perform-
ance index over a finite number of time steps. The problem
formulation was based on the assumption that the state of
the PBN was available for observation. Such an assumption
may not hold in many real world situations. For instance, in
a cancer treatment application, we may be able to track the
expression status of only a limited number of genes and not
necessarily all the ones appearing inthe PBN of interest. This
may be necessitated by cost, accessibility or other considera-
tions. Clearly, in such a case, the control algorithm of Datta
et al. (2003a) cannot be implemented.

The principal objective of this paper is to present a con-
trol strategy that can be used when perfect information about
the state of the Markov Chain is not available. The control
strategy inthis case will be based on the feedback of available
measurements which, though different from the exact internal
states, are probabilistically related to the latter. The problem
of control of Markov Chainsin the presence of imperfect state
information arisesin many real world problems. Therefore, it
isnot surprising that solutionsto this problem already exist in
the current control literature (e.g. Bertsekas, 1976); indeed,
the development here is motivated by some of this earlier
work. However, we do believe that this paper represents the
first attempt at adapting theseresultsto the context of Genomic
Control.
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The paper is organized as follows. In Section 2, we review
the control problem for PBNs and recall the solution for the
perfect stateinformation casepresentedin Dattaet al. (2003a).
In Section 3, we consider the imperfect information case and
present the solution for this problem. Section 4 presents the
results of applying the control strategy of this paper to a bio-
logical example while Section 5 contains some concluding
remarks. Due to space limitations, al mathematical deriva-
tions are omitted. The interested reader is referred to Datta
et al. (2003b) for all the relevant details.

2 EXTERNAL CONTROL IN PROBABILISTIC
BOOLEAN NETWORKS: THE PERFECT
INFORMATION CASE

In this section, we provide a brief summary of the currently
available results on external control in PBNs. We will only
focus on those aspects that are critical to the development in
this paper. For a detailed and compl ete exposition, the reader
is referred to Datta et al. (2003a) and to Shmulevich et al.
(2002b,c) for further details on PBNs.

A PBN is a formalism that has been developed for mod-
eling the behavior of gene regulatory networks. In such a
network, each gene can take on one of two binary values,
zero or one. A 0 value for a gene corresponds to the case
when that particular geneisnot expressed and al valueindic-
ates that the corresponding gene has been turned ON. Let
us assume that we are attempting to model the relationship
between ‘n’ genes. Suppose that the activity level of gene
‘i’ a time step ‘k’ is denoted by x;(k). Thus x;(k) = O
would indicate that at the k-th time step, the i-th gene is not
expressedwhilex; (k) = 1wouldindicatethat the correspond-
ing geneis expressed. The overall expression levels of al the
genesin the network at time step & is given by the row vector
x(k) = [x1(k),x2(k),...,x,(k)]. This vector is sometimes
referred to asthe GAP or state vector of the network at timek.

The state vector x(k) at any time step k is essentially an
n-digit binary number whose decimal equivalent is given by

y(ky =Y 2" xj (k). (1)
j=1

As x (k) rangesfrom 000---0to 111---1, y(k) takes on all
valuesfrom0to 2" — 1. Now to be completely consistent with
the development in Shmulevich et al. (2002c), define

z2(k) = 1+ y(k). 2

Then as x (k) rangesfrom 00---0to 11---1, z(k) will take
on al values from 1 to 2". Clearly, the map from x(k) to
z(k) is one-to-one, onto and hence invertible. Thus instead of
the binary representation x (k) for the state vector, one could
equivalently work with the decimal representation z (k).
Supposethat the PBN with n geneshasm control inputsu 1,
uy,...,u,, each of which can take on only the binary values

0 or 1. Then at any given time step &, the row vector u (k) 2

[ur(k),u2(k), ..., u, (k)] describes the complete status of al
the control inputs. Clearly, u(k) can take on al binary val-
ues from [0,0,...,0] to [1,1,...,1]. One can equivalently
represent the control input status using the decimal number

v(k) =1+ 2" u;(k). ©)
i=1
As u(k) takes on binary vaues from [0,0...,0] to
[1,1,...,1], the variable v (k) ranges from 1 to 2. We can
equivalently use v(k) as an indicator of the complete control
input status of the PBN at time step k.
As shown in Datta et al. (2003a), the one-step evolution of
the probability distribution vector in the case of such a PBN
with control inputs takes place according to the equation:

wk +1) = wk)A(v(k)), (4)

where w(k) is the 2"-dimensiona state probability distribu-
tion vector and A(v(k)) is the 2" x 2" matrix of control-
dependent transition probabilities.

Since the transition probability matrix hereis afunction of
al the control inputs uy(k), u2(k),...,u, k), the evolution
of the probability distribution vector of the PBN with control
now depends not only on the initia distribution vector but
also on the values of the control inputs at different time steps.
Furthermore, intuitively it appears that it may be possible to
make the states of the network evolve in a desirable fashion
by appropriately choosing the control input at each time step.

Theseideaswereformalizedin Dattaet al. (2003a) to arrive
at the following finite horizon optimization problem:!

Given aninitia state zg,

M-1
min E [Z Cie (zkr i (z1)) + CM(ZM):| ©)
HosHaye s p—1 =0

Prizic1 = jlzx = i, v} = aij (vp), (6)
where

e a;j(vy) isthei-th row, j-th column entry of the matrix
A(v);

o M represents the treatment/intervention window;

o Mk:[lyzysy"'azn]_) [112131"'12"1]1 k = 011121"'1
M — 1 are functions mapping the state space into the
control space;

o Ci(zk,vr) isthe one-step cost of applying the control vy
at state zy;

e and Cy(zp) is the terminal cost associated with the
state z .

1in the rest of this paper, we will be denoting w(k), z(k), v(k) by we, zx, vk
respectively, i.e. time dependence will be denoted by using a subscript. Since
wewill nolonger focus attention on theindividual elementsof the vectorswy,
2k, thiswill permit us to simplify the notation while avoiding any potential
confusion.
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As discussed in Datta et al. (2003a), the consideration of
such an optimization problem could be naturally motivated
in the context of cancer treatment applications where one
must choose between a number of aternative treatments to
be applied over afinite horizon of time. Once input from bio-
logists/clinicians has been used to select an appropriate cost
function and an appropriate treatment window, the control
problem isessentially reduced to that of controlling aMarkov
Chain over afinite horizon.

The dynamic programming solution to (5), (6) is given by
Bertsekas (1976), Datta et al. (2003a)

In(zm) = Cu(zm), )
2n

M@y = _min1CG v + ;azk,jww ()]s

k=012...,M—1. (8)

Furthermore, if v; = wuj(zx) minimizes the right-hand
side of (8) for each z; and k, the control law =* =
{ug mi, ... mwy_q} isoptimal.

3 EXTERNAL CONTROL IN PROBABILISTIC
BOOLEAN NETWORKS: THE IMPERFECT
INFORMATION CASE

Thecontrol law that emergesfrom the solution of the dynamic
programming problem (7), (8) inthelast sectiontakestheform
of a state feedback

ve = wk(ze), k=0,4,2,...,.M — 1. (9

When the state vector z; of the PBN is not available for mea-
surement, such a control law cannot be implemented. In that
case, we will assume that when the PBN isin the state zy, it
emits ¢ measurable outputs, each of which could take on the
value 0 or 1. Thus the output status of the PBN at any time k
could be captured by a g digit binary number or alternatively,
by its decimal equivalent plus one, which we shall call 6;.
Clearly, as the outputs range over al possible binary values,
0, takeson all valuesfrom 1to 29.

The design of the optimal control in this case can make use
of only the signals available to the controller. In other words,
at time k, the controller tries to design the control input vy
using all the available signals 6y, 61, . . ., 6k, vo, V1, . . . , Vg—1.
Although the state z; evolves according to (6) and is not
available for measurement, we assume that the output ) at
time k is probabilisticaly related to the state z; at time &
and the input v, _1 through the known conditional probability
measure Prg, (+|zx, vk—1) defined by

Pr{ok = jlzx =i, v-1 = v} =1y, (10)

Let I, denote the total information that is available for con-
trol at timek. Thenclearly Iy = [0, vo, 61, v1, . . ., Vk—1, Ok]1".

Furthermore, I; can be generated recursively using the
equation
Iy =[] v, 6ra]”, To = 6o, (11)

Since the state z; is not available, it seems reasonable to
replace the state feedback control (9) by the information
feedback control

ve = ux(ly), k=012,.... M -1 (12
and searchfor theoptimal 1, over thespaceof all functions iy,
mapping the space of information vectors I into the control
space {1,2,3,...,2"}. Thusthe counterpart to the optimiza-
tion problem (5) for this case becomes (Bertsekas, 1976; Datta
et al., 2003b):

pLo,ﬂT.l.r,-lﬂM,l EZOy de dl! e 1dM—1
00,01, ...,0pm1
M—-1
{ Z Cr(zie, (I, di) + Ca (zpm) (13)
k=0
subject to
Zk41 = d, (14)
Pridc = jlzk =i, v} = a;j (ve), (15)
Lesr = [I] vk, 011", Io = bo. (16)

Thedynamic programming algorithmfor the above problem
is given by Bertsekas (1976), Datta et al. (2003b)

Ju—1y-1) = min _A{E. 4, [Cu(dy-1)

vy-1€{1.2,...,2"}

+ Cp—1@m-1, V-1, dy—-D -1, vp—1l}

(17)
By = min {Eo.q.al{Cei e di)
+ Jera (U vk, Ok ) DMk, vl
k=012,...,.M -2 (18)

and the optima control input is obtained from the values
minimizing the right-hand side of (17) and (18). Using this
algorithm, we will ultimately arrive at Jo(Ip) = Jo(6o). The
optimal cost J* can be obtained by taking the expectation of
this quantity with respect to 6y, i.e.

J* = Eg,[Jo(60)]. (19)

4 A REAL WORLD EXAMPLE BASED ON
GENE EXPRESSION DATA

In this section, we apply the methodology of this paper to
derive an optimal intervention strategy for a particular gene
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regulatory network. Thenetwork chosen asan example of how
control might be applied is one developed from data collected
in a study of metastatic melanoma (Bittner et al., 2000). In
this expression profiling study, the abundance of messenger
RNA for the gene WNT5A was found to be a highly dis-
criminating difference between cellswith propertiestypicaly
associated with high metastatic competence versus those with
low metastatic competence. Thesefindingswerevalidated and
expanded in a second study (Weeraratna et al., 2002). In this
study, experimentally increasing the levels of the WNT5A
protein secreted by amelanomacell line via genetic engineer-
ing methods directly altered the metastatic competence of that
cell asmeasured by the standard in vitro assaysfor metastasis.
A further finding of interest in the current study was that an
intervention that blocked the WNT5A protein from activating
its receptor, the use of an antibody that binds WNT5A pro-
tein, could substantially reduce WNT5A's ability to induce
a metastatic phenotype. This of course suggests a study of
control based on interventions that alter the contribution of
the WNTS5A gene's action to biological regulation, since the
available data suggests that disruption of thisinfluence could
reduce the chance of a melanoma metastasizing, a desirable
outcome.

The methods for choosing the genes involved in a small
local network that includes the activity of the WNT5A gene
and the rules of interaction have been described in Kim et al.
(2002). Asdiscussed in that paper, the WNT5A network was
obtained by studying the predictive relationship between 587
genes. Theexpression statusof each genewasquantizedto one
of three possible levels: —1 (down-regulated), O (unchanged)
and 1 (up-regulated). Thusinthiscase, thegeneactivity profile
at any time step isnot abinary number but aternary one. How-
ever, the PBN formulation and the associated control strategy
can be devel oped exactly asdescribed in Sections 2 and 3with
the only difference that now for an n-gene network, we will
have 3" statesinstead of the 2" states encountered earlier. In
this context, it is appropriate to point out that to apply the
imperfect information control algorithm of this paper, it isnot
necessary to actually construct a PBN; al that is required
are the transition probabilities between the different states
under the different controls and the probabilities of the dif-
ferent observations conditioned on the current state and the
previous control.

A network with 587 genes will have 3% states which is
an intractably large number to use either for modeling or
for control. Consequently, the number of genes was nar-
rowed down to the 10 most significant ones and the resulting
multivariate relationship, using the best three-gene predictor
for each gene, is shown in Figure 1. These relationships
weredevel oped using the COD (Coefficient of Determination)
technique (Kim et al., 2000) applied to the gene expression
patterns across 31 different conditions and prior biological
knowledge. A detailed description of thisis available in Kim
et al. (2002).

PHO-C

Fig. 1. Multivariate relationship between the genes of the 10-gene
WNT5A Network (Kim et al., 2002).

The control objective for this 10-gene network isto extern-
aly down-regulate the WNT5A gene. The reason is that
it is biologicaly known that WNT5A ceasing to be down-
regulated is strongly predictive of the onset of metastasis.
Controlling the 10-gene network, even for the perfect inform-
ation case, would requireusto design adynamic programming
based control algorithm for a system with 310 (=59049)
states. Although there is nothing conceptually difficult about
doing this, it was beyond the computational limits of our
software, which we are currently in the process of improv-
ing. Moreover, paradlel implementation is straightforward
and could accomplish processing for significantly larger
networks.

Accordingly, in Datta et al. (20033), we further narrowed
down the number of genesin the network to seven by using
COD analysis on the 31 samples. Next, the 37 x 37 matrix of
transition probabilitiesfor the Markov Chain corresponding to
the dynamic evolution of the GAP of the seven gene network
was determined. Using this matrix of transition probabilities,
the optimal control problem for the perfect information case
was posed and solved in Datta et al. (2003a). The interested
reader can consult that reference for al the necessary details
and a discussion of the biological significance of the results
of the perfect-information-based control action.

In this paper, we consider a 7-gene network which is a
dlight variation of the one considered in Datta et al. (20033).
Since implementing the imperfect information based control
is computationally more intensive compared to the perfect
information case, wedevel oped abinary 7-genenetwork using
COD analysis on the same experimental data. The resulting
genes along with their multivariate relationship are shown
in Figure 2. For each gene in this network, we determined
their two best two-gene predictors and their corresponding
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Fig. 2. Multivariate relationship between the genes of the 7-gene
WNT5A network.
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CODs. Using the procedure discussed in (Shmulevich et al.,
2002c), the COD information for each of the predictors was
then used to determine the 27 x 27 matrix of transition prob-
abilities for the Markov Chain corresponding to the dynamic
evolution of the GAP of the 7-gene network. The transition
probability matrix A (v(k)), the probability distribution of the
observations given the current state and theimmediately prior
control (r,.”j), and theinitial state probability distribution vec-
tor (Pp) together congtitute the data needed for setting up
the optimal control problem in the presence of imperfect
state information. In our construction, the vector r does
not depend on the prior control input v and probabilistically
relates the observation to the current state of the network.
This relationship is shown in Figure 3 and it closely mimics
the behavior of a gene MMP-3 which appearsin the 10-gene
network of Figure 1 but does not appear in the 7-gene network
of Figure 2.

The optimal control problem can now be completely spe-
cified by choosing (i) the treatment/intervention window,

(i) the terminal penalty and (iii) the types of controls and
the costs associated with them. For the treatment window, we
arbitrarily chose awindow of length 5, i.e. the control inputs
would be applied only at time steps 0, 1, 2, 3 and 4. The
terminal penalty at time step 5 was chosen as follows. Since
our objective is to ensure that WNT5A is not up-regulated,
we assigned a penalty of zero to all states for which WNT5A
equals 0 and a penalty of 3 to all states for which WNT5A
equals 1. Here the choice of the number 3 is somewhat arbit-
rary but it does reflect our attempt to numerically capture the
biological notion that states where WNT5A equals 1 are less
desirable than those where WNT5A equals 0.

We next discuss two possible types of control actions for
various initial state probability distributions.

Case 1. WNT5A controlled directly: in this case, the con-
trol action at any given time step is to force WNT5A equal
to O, if necessary, and let the network evolve from there.
Biologically such a control could be implemented by using
a WNT5A inhibitory protein. In this case, the control vari-
able is binary with O indicating that no WNT5A inhibitory
protein is used while 1 indicates that such an intervention
has been applied. The one-step cost of control is taken to be
equal to the value of the control variable. Of course, whether
at a given time step, such intervention takes place or not is
decided by the solution to the resulting dynamic program-
ming agorithm depending on the initia distribution Py and
the subsequent total information vector ;. Note that unlike
the perfect information scenario considered in Datta et al.
(20034), we are now not in a position to determineif forcible
alteration of the state takes place or not. Consequently, it is
reasonable to expect that WNT5A inhibition may be used,
even when not absolutely necessary, thereby contributing to a
possibleincreasein thetotal optimal expected cost, compared
to the perfect information case.

Next we used (17) and (18) recursively to calculate the
optimal controlsfor certain given initia state probability dis-
tributions. The net result, in each case, was a tree of control
actions corresponding to each control action and subsequent
observation.

Starting with Pyaa, the distribution of statesin the 31 point
data set, we found the optimal expected cost based on imper-
fect information to be 0.4079. The corresponding optimal cost
using full state observation as in Datta et al. (2003a) was
found to be 0.3226. The expected cost incurred by not using
any control was 0.9677. We computed these quantities for a
few different cases of initia state distributions. The relevant
guantities are tabulated in Table 1.

We also calculated the optimal expected costs when theini-
tia stateisdeterministic. These valuesfor al the 128 possible
initial states are shown in Figure 4. Note that, as expected,
the optimal cost for control with imperfect information is
higher than that for control with perfect state information.
The cost function, however, is a somewhat subjective quant-
ity chosen by us to mathematically capture the underlying
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Table 1. Expected costs for variousinitial state distributions

Initial distribution Control using No control
Observation Full state
Psample-data 0.4079 0.3226 0.9677
1 1
[ 1250 -] 0.7068 0.3395 0.9990
[0&.0&. . . ] 0.7296 0.3395 0.9990
[&.0.4.0..] 0.5692 0.3395 0.9990
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1 T T T T
o [IV\AAM/\
ok ; ! i :
20 40 60 80 100 120
(©)
1 T T
05
ok T ! I 5 1 I
20 40 60 80 100 120

Fig. 4. Optimal expected cost versus initial states (a) uncontrolled,
(b) control using imperfect information, (c) control using full state
information.

biological objective. A more natural way to look at the
performance of the control scheme would be to examine
the probability of WNT5A being equal to O at the find
time step, i.e. a k = 5. This quantity was computed for
each (determinstic) initial state for both the uncontrolled and
imperfect-information-based controlled cases. Theseplotsare
shown in Figure 5. From thisfigure, it is clear that the control
strategy for each initial state is increasing the probability for
WNT5A equal to zero at the terminal time point relative to
the corresponding probability in the uncontrolled case. This
is, indeed, a desirable outcome achieved by using control.
Case 2. WNT5A controlled through pirin: in this case, the
control objective is the same as in Case 1, namely to keep
WNT5A at 0. The only difference is that this time, we use
another gene, pirin, to achieve this control. The treatment
window and the terminal penalties are kept exactly the same
as before. The control action consists of either using a pirin
inhibitor (corresponding to acontrol input of 1) or not empl oy-
ing such an inhibitor (corresponding to a control input of 0).
The one-step cost of control is taken to be equal to the value
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s s .| — Control wnt5a partial
20 40 60 80 100 120

Initial state —

°
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Fig. 5. Probability of WNT5A = 0 at theterminal time point versus
theinitial statefor theuncontrolled and imperfect-information-based
controlled cases.

of the control variable. As before, at any step, whether such
intervention takesplace or not isdecided by the solution to the
resulting dynamic programming agorithm. Having chosen
these design parameters, we implemented the algorithm with
pirin as the controal.

We found that using pirin as a control is totally ineffe-
ctive. The expected cost, with pirin as the control, was found
to be the same as the one obtained in Table 1 with no con-
trol. Even with full state feedback we still found that pirin
was as ineffective as before (data not shown). Thisisin stark
contrast to our resultsin Dattaet al. (2003a) wherewe demon-
strated the feasibility of doing full state feedback control of
WNT5A through pirin. Itispossiblethat going from aternary
setup in Datta et al. (2003a) to the binary setup here may have
drastically reduced our ability to control WNT5A through
pirin. Thissuggeststhat the standard control theoretic notions
of controllability and observahility (Kalman, 1962) may have
to berevisited in the context of Genetic Regulatory Networks
to enable us to decide which genes can be used as effective
controls and which ones can be used as meaningful obser-
vations. Equally important is the need to introduce causality
into Genetic Regulatory Networks, an aspect that the current
COD formalism does not capture. These topics, however, are
beyond the scope of the current paper, and will have to be
investigated in the future.

5 CONCLUDING REMARKS

In this paper, we have extended our earlier results on external
control in Markovian genetic regulatory networks to the case
where perfect information about the state of the network is
not available. In such a situation, the optimal control must
be designed based on the available measurements, which are

929



A.Datta et al.

assumed to be probabilistically related to the state of the
genetic regulatory network.

The optimal control results presented in this paper
assume known transition probabilities and pertain to a
finite horizon problem of known length. Their exten-
sion to the situation where the transition probabilities and
the horizon length are unknown is a topic for further
investigation.
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